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Lagrangian submanifolds appear naturally in the context of classical mechanics. They play
important roles in geometry as well as in physics. It was proved by B.-Y. Chen in (2000)
[6] that every Lagrangian submanifold M5 of a complex space form M˜5(4c) of constant
holomorphic sectional curvature 4c satisﬁes
δ(2,2) 25
3
H2 + 8c, (A)
where H2 is the squared mean curvature and δ(2,2) is a δ-invariant of M5 (cf. Chen,
2000, 2011 [6,9]). The main purpose of this paper is to completely classify Lagrangian
submanifolds of complex space forms M˜5(4c), c = 0,1,−1, satisfying the equality case of
the inequality (A) identically.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
Let M˜n be a Kähler n-manifold endowed with the complex structure J and with a Kähler metric g . The Kähler 2-form
ω is deﬁned by ω(·,·) = g( J · ,·). An isometric immersion ψ : Mn → M˜n of a Riemannian n-manifold Mn into M˜n is called
Lagrangian if ψ∗ω = 0. Lagrangian submanifolds appear naturally in the context of classical mechanics and mathematical
physics. For instance, the systems of partial differential equations of Hamilton–Jacobi type lead to the study of Lagrangian
submanifolds and foliations in the cotangent bundle. Furthermore, Lagrangian submanifolds play some important roles in
supersymmetric ﬁeld theories as well as in string theory.
In differential geometry theorems which relate intrinsic and extrinsic curvatures always play important roles. Related
with Nash’s embedding theorem [16], the ﬁrst author introduced in [3,4,6] a new type of Riemannian invariants, denoted
by δ(n1, . . . ,nk). For an n-dimensional submanifold Mn in a real space form Rm(c) of constant sectional curvature c, he
proved the following sharp general inequality:
δ(n1, . . . ,nk)
n2(n + k − 1−∑n j)
2(n + k −∑n j) H2 +
1
2
(
n(n − 1) −
k∑
j=1
n j(n j − 1)
)
c, (1.1)
where H2 is the squared mean curvature of Mn .
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an ideal immersion is an immersion which produces the least possible amount of tension from the ambient space.
It is known that inequality (1.1) holds for Lagrangian submanifolds in complex space forms of constant holomorphic
sectional curvature 4c as well (cf. [6,9,10]). Also, the ﬁrst author proved in [7, Theorem 1] that every ideal Lagrangian
submanifold of a complex space form is a minimal submanifold. δ(2)-ideal submanifolds in real and complex space forms
have been studied by many geometers since the invention of δ-invariants (see [1] and [9, Chapter 20] for details).
For Lagrangian submanifolds in a 5-dimensional complex space form M˜5(4c), inequality (1.1) reduces to
δ(2,2) 25
3
H2 + 8c. (1.2)
By deﬁnition, a Lagrangian submanifold M5 in M˜5(4c) is δ(2,2)-ideal if and only if it satisﬁes the equality sign of (1.2)
identically. A δ(2,2)-ideal submanifold in M˜5(4c) is called proper if it is not a δ(2)-ideal Lagrangian submanifold in M˜5(4c).
The main purpose of this paper is to classify proper δ(2,2)-ideal Lagrangian submanifolds in C5, CP5(4) and CH5(−4).
2. Preliminaries
2.1. Basic formulas
Let M˜n(4c) denote a complete simply-connected Kähler n-manifold with constant holomorphic sectional curvature 4c.
Then it is well-known that M˜n(4c) is holomorphically isometric to the complex Euclidean n-plane Cn , the complex projective
n-space CPn(4c), or a complex hyperbolic n-space CHn(−4c) according to c = 0, c > 0 or c < 0.
Let Mn be a Lagrangian submanifold of M˜n(4c). We denote the Levi-Civita connections of M and M˜n(4c) by ∇ and ∇˜ ,
respectively. The formulas of Gauss and Weingarten are given respectively by (cf. [2])
∇˜X Y = ∇X Y + h(X, Y ), (2.1)
∇˜Xξ = −Aξ X + DXξ, (2.2)
for tangent vector ﬁelds X and Y and normal vector ﬁelds ξ , where h is the second fundamental form, A is the shape
operator and D is the normal connection.
The second fundamental form h is related to the shape operator A by〈
h(X, Y ), ξ
〉= 〈Aξ X, Y 〉.
The mean curvature vector
−→
H of Mn is deﬁned by
−→
H = 1
n
traceh,
and the squared mean curvature is given by H2 = 〈−→H ,−→H〉.
For Lagrangian submanifolds, we have (cf. [9,12])
DX JY = J∇X Y , (2.3)
A J X Y = − Jh(X, Y ) = A JY X . (2.4)
Formula (2.4) implies that 〈h(X, Y ), J Z〉 is totally symmetric.
The equations of Gauss and Codazzi are given respectively by〈
R(X, Y )Z ,W
〉= 〈Ah(Y ,Z)X,W 〉 − 〈Ah(X,Z)Y ,W 〉
+ c(〈X,W 〉〈Y , Z〉 − 〈X, Z〉〈Y ,W 〉), (2.5)
(∇Xh)(Y , Z) = (∇Y h)(X, Z) (2.6)
for X, Y , Z ,W tangent to M , where R is the curvature tensor of Mn and ∇h is deﬁned by
(∇Xh)(Y , Z) = DXh(Y , Z) − h(∇X Y , Z) − h(Y ,∇X Z). (2.7)
For an orthonormal basis {e1, . . . , en} of T pMn at a point p ∈ Mn , we put
hijk =
〈
h(e j, ek), J ei
〉
, i, j,k = 1, . . . ,n.
It follows from (2.4) that
hijk = h jik = hkij. (2.8)
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The following link between Legendrian submanifolds and Lagrangian submanifolds is due to [17] (see [9, pp. 247–248]).
Case (i): CPn(4). Consider Hopf’s ﬁbration π : S2n+1 → CPn(4). For a given point u ∈ S2n+1(1), the horizontal space at u
is the orthogonal complement of iu, i = √−1, with respect to the metric on S2n+1 induced from the metric on Cn+1. Let
ι : N → CPn(4) be a Lagrangian isometric immersion. Then there is a covering map τ : Nˆ → N and a horizontal immersion
ιˆ : Nˆ → S2n+1 such that ι ◦ τ = π ◦ ιˆ. Thus each Lagrangian immersion can be lifted locally (or globally if N is simply-
connected) to a Legendrian immersion of the same Riemannian manifold. In particular, a minimal Lagrangian submanifold
of CPn(4) is lifted to a minimal Legendrian submanifold of the Sasakian S2n+1(1).
Conversely, suppose that f : Nˆ → S2n+1 is a Legendrian isometric immersion, then ι = π ◦ f : N → C Pn(4) is again a
Lagrangian isometric immersion. Under this correspondence the second fundamental forms h f and hι of f and ι satisfy
π∗h f = hι . Moreover, h f is horizontal with respect to π .
Case (ii): CHn(−4). We consider the complex number space Cn+11 equipped with the pseudo-Euclidean metric:
g0 = −dz1 dz¯1 +
n+1∑
j=2
dz j dz¯ j .
Consider the anti-de Sitter spacetime
H2n+11 (−1) =
{
z ∈ C2n+11 : 〈z, z〉 = −1
}
with the canonical Sasakian structure, where 〈,〉 is the induced inner product.
Put T ′z = {u ∈ Cn+1: 〈u, z〉 = 0}, H11 = {λ ∈ C: λλ¯ = 1}. Then there is an H11-action on H2n+11 (−1), z → λz and at each
point z ∈ H2n+11 (−1), the vector ξ = −iz is tangent to the ﬂow of the action. Since the metric g0 is Hermitian, we have
〈ξ, ξ〉 = −1. The quotient space H2n+11 (−1)/∼, under the identiﬁcation induced from the action, is the complex hyperbolic
space CHn(−4) with constant holomorphic sectional curvature −4 whose complex structure J is induced from the complex
structure J on Cn+11 via Hopf’s ﬁbration π : H2n+11 (−1) → CHn(4c).
Just like case (i), suppose that ι : N → CHn(−4) is a Lagrangian immersion, then there is an isometric covering map
τ : Nˆ → N and a Legendrian immersion f : Nˆ → H2n+11 (−1) such that ι ◦ τ = π ◦ f . Thus every Lagrangian immersion
into CHn(−4) can be lifted locally (or globally if N is simply-connected) to a Legendrian immersion into H2n+11 (−1). In
particular, Lagrangian minimal submanifolds of CHn(−4) are lifted to Legendrian minimal submanifolds of H2n+11 (−1).
Conversely, if f : Nˆ → H2n+11 (−1) is a Legendrian immersion, then ι = π ◦ f : N → CHn(−4) is a Lagrangian immersion.
Under this correspondence the second fundamental forms h f and hι are related by π∗h f = hι . Also, h f is horizontal with
respect to π .
2.3. Existence and uniqueness theorem for Lagrangian minimal surfaces
We need the following theorem from [5, Corollary 3.6] for later use.
Theorem 2.1. Let L : M2 → M˜2(4c) be a Lagrangian minimal immersion without totally geodesic points. Then with respect to a
suitable isothermal coordinate system (x, y) we have
(1) the metric tensor of M2 is given by g = E2(dx2 + dy2) such that E satisﬁes

(ln E) = 2− cE
6
E4
, 
 = ∂
2
∂2x
+ ∂
2
∂2 y
, (2.9)
(2) the second fundamental form of L satisﬁes
h(∂x, ∂x) = J∂x
E21
, h(∂x, ∂y) = − J∂y
E21
, h(∂y, ∂y) = − J∂x
E21
. (2.10)
Conversely, if E = E(x, y) is a positive function deﬁned on a simply-connected domain U of the 2-plane R2 satisfying (2.9) for some
real number c, then up to rigid motions there exists a unique Lagrangian minimal immersion from M2 = (U , g), g = E2(dx2 + dy2),
into a complete simply-connected complex space form M˜2(4c) whose second fundamental form satisﬁes (2.10).
By applying Theorem 2.1 and the link via Hopf’s ﬁbration given in Section 2.2, we have the following.
Corollary 2.1. If E is a positive function deﬁned on a simply-connected domain U of R2 satisfying (2.9) for c = 1 (respectively c = −1)
then there exists a Legendrian minimal immersion from M2 = (U , g), g = E2(dx2 +dy2), into the Sasakian S5(1) (resp., the Sasakian
H5(−1)) whose second fundamental form satisﬁes1
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E21
, h(∂x, ∂y) = −φ(∂y)
E21
, h(∂y, ∂y) = −φ(∂x)
E21
, (2.11)
where φ is the (1,1)-tensor of S5(1) (resp., of H51(−1)) induced from the complex structure on C3 (resp., on C31).
3. δ-invariants and fundamental inequalities
Let Mn be a Riemannian n-manifold. Denote by K (π) the sectional curvature of Mn associated with a plane section
π ⊂ T pMn , p ∈ Mn . For any orthonormal basis e1, . . . , en of T pMn , the scalar curvature τ at p is deﬁned to be
τ (p) =
∑
i< j
K (ei ∧ e j). (3.1)
Let L be an r-subspace of T pMn with r  2 and {e1, . . . , er} an orthonormal basis of L. The scalar curvature τ (L) of the
r-plane section L is deﬁned by
τ (L) =
∑
α<β
K (eα ∧ eβ), 1 α,β  r. (3.2)
For given integers n  3 and k  1, we denote by S(n,k) the ﬁnite set consisting of all k-tuples (n1, . . . ,nk) of integers
satisfying
2 n1, . . . ,nk < n and n1 + · · · + nk  n.
Denote the union
⋃
k1 S(n,k) by S(n). For each (n1, . . . ,nk) ∈ S(n), the ﬁrst author introduced in [6] the Riemannian
invariant δ(n1, . . . ,nk) deﬁned by
δ(n1, . . . ,nk)(p) = τ (p) − inf
{
τ (L1) + · · · + τ (Lk)
}
, p ∈ Mn, (3.3)
where L1, . . . , Lk run over all k mutually orthogonal subspaces of T pMn such that dim L j = n j , j = 1, . . . ,k. The invariants
δ(n1, . . . ,nk) and the scalar curvature τ are very much different in nature (cf. [8,9] for details).
The following fundamental relation between δ(n1, . . . ,nk) and the squared mean curvature H2 was proved in [6].
Theorem A. Let Mn be an n-dimensional submanifold in a real space form Rm(c) of constant curvature c. Then for each k-tuple
(n1, . . . ,nk) ∈ S(n) we have
δ(n1, . . . ,nk)
n2(n + k − 1−∑n j)
2(n + k −∑n j) H2 +
1
2
(
n(n − 1) −
k∑
j=1
n j(n j − 1)
)
c. (3.4)
The equality case of inequality (3.4) holds at a point p ∈ M if and only if there exists an orthonormal basis {e1, . . . , em} at p such
that the shape operator of Mn in Rm(c) at p with respect to {e1, . . . , em} takes the form:
Ar =
⎡
⎢⎢⎢⎢⎢⎣
Ar1 · · · 0
...
. . .
... 0
0 . . . Ark
0 μr I
⎤
⎥⎥⎥⎥⎥⎦ , r = n + 1, . . . ,m, (3.5)
where I is an identity matrix and Arj is a symmetric n j × n j submatrix satisfying
trace
(
Ar1
)= · · · = trace(Ark)= μr .
The same result holds for a Lagrangian submanifolds in a complex space form M˜n(4c) of constant holomorphic sectional
curvature 4c. More precisely, we have
Theorem B. Let Mn be an n-dimensional Lagrangian submanifold in a complex space form M˜n(4c) of constant holomorphic sectional
curvature 4c. Then, for each k-tuple (n1, . . . ,nk) ∈ S(n), we have
δ(n1, . . . ,nk)
n2(n + k − 1−∑n j)
2(n + k −∑n j) H2 +
1
2
(
n(n − 1) −
k∑
j=1
n j(n j − 1)
)
c. (3.6)
The equality case of inequality (3.6) holds at a point p ∈ M if and only if, there exists an orthonormal basis {e1, . . . , em} at p, such
that the shape operators of M in M˜n(4c) at p with respect to {e1, . . . , em} take the form of (3.5).
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Theorem C. Every Lagrangian submanifold of a complex space form M˜n(4c) that satisﬁes the equality case of (3.6) identically for a
k-tuple (n1, . . . ,nk) is minimal.
4. Some lemmas
Now we provide some lemmas to be used in the proofs of our main theorems.
Lemma 4.1. A Lagrangian submanifold M5 of a complex space form M˜5(4c) satisﬁes
δ(2,2) 25
3
H2 + 8c. (4.1)
If the equality sign of (4.1) holds identically, then M5 is a minimal submanifold. Moreover, the second fundamental form h of M5
satisﬁes
h(e1, e1) = h111 J e1 + h211 J e2,
h(e1, e2) = h211 J e1 − h111 J e2,
h(e2, e2) = −h111 J e1 − h211 J e2,
h(e3, e3) = h333 J e3 + h433 J e4,
h(e3, e4) = h433 J e3 − h333 J e4,
h(e4, e4) = −h333 J e3 − h433 J e4,
h(ei, e j) = 0, otherwise, (4.2)
with respect a suitable orthonormal frame {e1, . . . , e5}.
Proof. This is an immediate consequence of Theorems B and C. 
Assume that Mn is a Lagrangian submanifold of a complex space form M˜n(4c). Let p ∈ Mn and V be a d-dimensional
subspace of T pMn . Denote by πV : T pMn → V the orthogonal projection. For each v ∈ V , we deﬁne a symmetric endomor-
phism AVJ v on V by A
V
J v = πV ◦ A J v , where A J v is the shape operator at J v .
We need the following lemma from [7, Lemma 1].
Lemma 4.2. Let Mn be a Lagrangian submanifold of a complex space form M˜n(4c) and V be a d-dimensional subspace of T pMn at
some point p ∈ Mn. Then there exists an orthonormal basis {ε1, . . . , εd} of V such that
(4.1) AVJε1εi = λiεi, i = 1, . . . ,d,
where λ1, . . . , λd satisfy λ1  2λ j , j = 2, . . . ,d; λ1 > λ j for j = 2, . . . ,d.
Lemma 4.3. Let M5 be a δ(2,2)-ideal Lagrangian submanifold of a complex space form M˜5(4c). Then there exists an orthonormal
frame {e1, . . . , e5} such that
h(e1, e1) = a Je1, h(e1, e2) = −a Je2, h(e2, e2) = −a Je1,
h(e3, e3) = b Je3, h(e3, e4) = −b Je4, h(e4, e4) = −b Je3,
h(ei, e j) = 0, otherwise (4.3)
for some functions a and b.
Moreover, M5 is proper δ(2,2)-ideal if and only if a,b = 0.
Proof. By applying Lemma 4.2 to V = Span{e1, e2} and V = Span{e3, e4}, we obtain (4.3) with respect to a suitable or-
thonormal frame {e1, . . . , e5} on M5.
The second statement follows from the deﬁnition of proper δ(2,2)-ideal submanifolds, (4.3) and Theorem A. 
From now on, we assume that M5 is a proper δ(2,2)-ideal Lagrangian submanifold of a complex space form M˜5(4c)
and we shall always choose the orthonormal frame {e1, . . . , e5} satisfying (4.3). Since M5 is proper δ(2,2)-ideal, we have
a,b = 0.
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∇Xei =
5∑
j=1
ω
j
i (X), X ∈ TM5. (4.4)
Then we have ω ji = −ωij , i, j = 1, . . . ,5.
Lemma 4.4. Let M5 be a proper δ(2,2)-ideal Lagrangian submanifold of a complex space form M˜5(4c). Then we have
e1a = −3aμ, e2a = 3aλ, e3a = e4a = 0, e5a = aα, (4.5)
e1b = e2b = 0, e3b = −3bη, e4b = 3bϕ, e5b = bβ, (4.6)
where α, β , λ, μ, ϕ , η are deﬁned by
λ = ω21(e1), μ = ω21(e2), ϕ = ω43(e3), η = ω43(e4),
α = ω51(e1) = ω52(e2), β = ω53(e3) = ω54(e4). (4.7)
Moreover, we have ω ji (ek) = 0, i, j,k ∈ {1, . . . ,5}, for those ω ji (ek) which do not appear in (4.7).
Proof. This was done by performing long computations on Codazzi’s equation via Lemma 4.3. 
By using (4.4) and Lemma 4.4 we obtain the following.
Lemma 4.5. Under the hypothesis of Lemma 4.4, the Levi-Civita connection ∇ of M5 satisﬁes
∇e1e1 = λe2 + αe5, ∇e1e2 = −λe1, ∇e1e5 = −αe1,
∇e2e1 = μe2, ∇e2e2 = −μe1 + αe5, ∇e2e5 = −αe2,
∇e3e3 = ϕe3 + βe5, ∇e3e4 = −ϕe3, ∇e3e5 = −βe3,
∇e4e3 = ηe4, ∇e4e4 = −ηe3 + βe5, ∇e4e5 = −βe4,
∇ei e j = 0, otherwise. (4.8)
We put
T0 = Span{e5}, T1 = Span{e1, e2}, T2 = Span{e3, e4}. (4.9)
Lemma 4.6. Under the hypothesis of Lemma 4.4, we have
(a) T0 is a totally geodesic distribution, i.e. T0 is integrable whose leaves are totally geodesic submanifolds;
(b) T0 ⊕ T1 and T0 ⊕ T2 are totally geodesic distributions;
(c) T1 and T2 are spherical distributions, i.e. T1 and T2 are integrable distributions and their leaves are totally umbilical submanifolds
with parallel mean curvature vector.
Proof. Since the distribution T0 is of rank one, it is always integrable. Moreover, since ∇e5e5 = 0 according to Lemma 4.5,
the integral curves of e5 are geodesics in M5. Thus we have statement (a). Statement (b) follows easily from (4.8).
To prove statement (c), ﬁrst we observe that [e1, e2] ∈ T1 and [e3, e4] ∈ T2 follow from (4.8). Thus T1, T2 are integrable.
Also, it follows from (4.8) that the second fundamental form h1 of a leave L1 of T1 in M5 is given by
h1(X, Y ) = αg1(X1, Y1)e5, X1, Y1 ∈ TL1, (4.10)
where g1 is the metric of L1. Moreover, from (4.8), we ﬁnd
∇ei e5 = −αei, i = 1,2.
Thus we get
D1e1e5 = D1e2e5 = 0, (4.11)
where D1 denotes the normal connection of L1 in M5. From the equation of Gauss and Lemma 4.3 we know that the
curvature tensor R of M5 satisﬁes
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R(e1, e2)e1, e j
〉= 0, j = 3,4,5. (4.12)
Thus we derive from (4.12) and Lemma 4.5 that
0 ≡ R(e1, e2)e1
≡ ∇e1(μe2) − ∇e2(λe2 + αe5) + λ∇e1e1 + μ∇e2e1
≡ −(e2α)e5 (mod T1). (4.13)
Hence we ﬁnd e2α = 0.
Similarly, by considering R(e2, e1)e2, we also have e1α = 0. By combining these with (4.11), we conclude that L1 has
parallel mean curvature vector in M5. Consequently, T1 is a spherical distribution.
Similarly, we also have e3β = e4β = 0. Moreover, we know that T2 is a spherical distribution as well. Thus we obtain
statement (c) of the lemma. 
Lemma 4.7. Under the hypothesis of Lemma 4.4, the Lagrangian submanifold M5 is a locally warped product I ×ρ1(t) M21 ×ρ2(t) M22 ,
where t is function such that e5 = ∂t (i.e., e5 = ∂∂t ), ρ1 and ρ2 are two positive functions in t and M21,M22 are Riemannian 2-manifolds.
Proof. It follows from Lemma 4.6 and result of Hiepko [14] (see also [13]). 
Lemma 4.8. Under the hypothesis of Lemma 4.4 and under the same notations as previous lemmas, we have
e jα = e jβ = 0, j = 1,2,3,4, (4.14)
e3λ = e4λ = e3μ = e4μ = 0, e5μ = αμ, (4.15)
e1λ = −e2μ, (4.16)
e1α + 3e5μ = 3αμ, e2α − 3e5λ = −3αλ, (4.17)
e1ϕ = e2ϕ = e1η = e2η = 0, e5η = βη, (4.18)
e3ϕ = −e4η, (4.19)
e3β + 3e5η = 3βη, e4β − 3e5ϕ = −3βϕ. (4.20)
Proof. The equations e1α = e2α = e3β = e4β = 0 are already derived in the proof of Lemma 4.6. The other equations in
(4.14)–(4.20) are obtained by applying (4.5), (4.6), (4.8) and the compatibility conditions:
[ei, e j] f = (∇ei e j − ∇e j ei) f , i, j = 1, . . . ,5,
for f = a,b. For instance, we ﬁnd (4.16) from [e1, e2]a = (∇e1e2 − ∇e2e1)a via (4.5) and (4.8); and e3λ = 0 from [e2, e3]a =
(∇e2e3 − ∇e3e2)a. 
It follows from (4.14) and e5 = ∂∂t in Lemma 4.7 that α = α(t) and β = β(t).
Lemma 4.9. Under the hypothesis of Lemma 4.4, we may choose isothermal coordinate systems {x, y} on M21 and {z,w} on M22 such
that the metric tensors g1, g2 of the Riemannian 2-manifolds M21,M
2
2 in Lemma 4.7 are given respectively by
g1 = E21
(
dx2 + dy2), g2 = E22(dz2 + dw2). (4.21)
Proof. By using (4.5) in Lemma 4.4 and Lemma 4.5 we ﬁnd[
a−
1
3 e1,a
− 13 e2
]= 0. (4.22)
It follows from e3a = e4a = 0 and e5a = aα in Lemma 4.4 that
a = f e
∫ t
α(t)dt (4.23)
for some function f deﬁned on M21. We conclude from (4.22) and (4.23) that there exists a coordinate system {x, y} on M21
with ∂
∂x = E1e1 and ∂∂ y = E1e2. Now, by putting E1 = f −
1
3 (x, y), we obtain g1 = E21(dx2 + dy2). After applying the same
argument to M22, we obtain a similar result for M
2
2. 
It follows from Lemmas 4.7 and 4.9 that there is a coordinate system {t, x, y, z,w} on M5 = I ×ρ1(t) M21 ×ρ2(t) M22 such
that the metric tensor g of M5 is given by
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(
dx2 + dy2)+ ρ22 (t)E22(z,w)(dz2 + dw2). (4.24)
Lemma 4.10. The Levi-Civita connection of the metric tensor (4.24) satisﬁes
∇ ∂
∂t
∂
∂t
= 0,
∇ ∂
∂t
∂
∂x
= ρ
′
1
ρ1
∂
∂x
, ∇ ∂
∂t
∂
∂ y
= ρ
′
1
ρ1
∂
∂ y
,
∇ ∂
∂x
∂
∂x
= ∂(ln E1)
∂x
∂
∂x
− ∂(ln E1)
∂ y
∂
∂ y
− ρ1ρ ′1E21
∂
∂t
,
∇ ∂
∂x
∂
∂ y
= ∂(ln E1)
∂ y
∂
∂x
+ ∂(ln E1)
∂x
∂
∂ y
,
∇ ∂
∂ y
∂
∂ y
= −∂(ln E1)
∂x
∂
∂x
+ ∂(ln E1)
∂ y
∂
∂ y
− ρ1ρ ′1E21
∂
∂t
,
∇ ∂
∂t
∂
∂z
= ρ
′
2
ρ2
∂
∂z
, ∇ ∂
∂t
∂
∂w
= ρ
′
2
ρ2
∂
∂w
,
∇ ∂
∂z
∂
∂z
= ∂(ln E2)
∂z
∂
∂z
− ∂(ln E2)
∂w
∂
∂w
− ρ2ρ ′2E22
∂
∂t
,
∇ ∂
∂z
∂
∂w
= ∂(ln E2)
∂w
∂
∂z
+ ∂(ln E2)
∂z
∂
∂w
,
∇ ∂
∂w
∂
∂w
= −∂(ln E2)
∂z
∂
∂z
+ ∂(ln E2)
∂w
∂
∂w
− ρ2ρ ′2E22
∂
∂t
,
∇ ∂
∂x
∂
∂z
= ∇ ∂
∂x
∂
∂w
= ∇ ∂
∂ y
∂
∂z
= ∇ ∂
∂ y
∂
∂w
= 0.
Proof. It follows from (4.24) and direct computation. 
Lemma 4.11. Let M5 be a proper δ(2,2)-ideal Lagrangian submanifold of a complex space form M˜5(4c). The with respect to metric
(4.24) the second fundamental form of M5 satisﬁes
h(∂x, ∂x) = J∂x
E21
, h(∂x, ∂y) = − J∂y
E21
, h(∂y, ∂y) = − J∂x
E21
,
h(∂z, ∂z) = J∂z
E22
, h(∂z, ∂w) = − J∂w
E22
, h(∂w , ∂w) = − J∂z
E22
,
h(∂x, ∂z) = h(∂x, ∂w) = h(∂y, ∂z) = h(∂y, ∂w) = 0,
h(∂x, ∂t) = h(∂y, ∂t) = h(∂z, ∂t) = h(∂w , ∂t) = 0, (4.25)
where ∂x = ∂∂x , ∂y = ∂∂ y , etc.
Proof. It follows from the proof of Lemma 4.9 and (4.24) that
∂x = ρ1E1e1, ∂y = ρ1E1e2, ∂z = ρ2E2e3, ∂w = ρ2E2e4, ∂t = e5. (4.26)
By combining Lemma 4.4 and (4.25) we get
∂x(lna) = −3ρ1E1μ, ∂y(lna) = 3ρ1E1λ, ∂t(lna) = α,
∂z(lnb) = −3ρ2E2η, ∂w(lnb) = 3ρ2E2ϕ, ∂t(lnb) = β. (4.27)
On the other hand, by applying (4.7), (4.8) and Lemma 4.10, we ﬁnd
α = −∂t(lnρ1), β = −∂t(lnρ2),
μ = ∂x(ln E1)
ρ1E1
, λ = −∂y(ln E1)
ρ1E1
,
η = ∂z(ln E2) , ϕ = −∂w(ln E2) . (4.28)
ρ2E2 ρ2E2
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∂x(lna) = ∂x
(
ln E−31
)
, ∂y(lna) = ∂y
(
ln E−31
)
, ∂t(lna) = ∂t
(
lnρ−11
)
,
∂z(lnb) = ∂z
(
ln E−32
)
, ∂w(lnb) = ∂w
(
ln E−32
)
, ∂t(lnb) = ∂t
(
lnρ−12
)
. (4.29)
Therefore, after combining (4.29) with e3a = e4a = e1b = e2b = 0 from Lemma 4.4, we obtain
a = c1
ρ1E31
, b = c2
ρ2E32
(4.30)
for some real numbers c1, c2 = 0. Without loss of generality, we may choose c1 = c2 = 1 by rescaling E1, E2 if necessary.
Consequently, we obtain (4.25) from (4.3) of Lemma 4.3, (4.26) and (4.30). 
5. Proper δ(2,2)-ideal Lagrangian submanifolds in C5
First, we classify all proper δ(2,2)-ideal Lagrangian submanifolds in C5.
Theorem 5.1. Let L : M5 → C5 be a Lagrangian immersion into the complex Euclidean 5-space C5 . Then L is a proper δ(2,2)-ideal
Lagrangian immersion if and only if L is locally congruent to one of the following immersions:
(1) the direct product of an open interval I of the real line in C and two non-totally geodesic Lagrangian minimal immersions φi :
M2i → C2 (i = 1,2), i.e.,
L : I × M21 × M22 → C× C2 × C2; (t, p,q) →
(
t, φ1(p),φ2(q)
)
. (5.1)
(2) a Lagrangian immersion deﬁned by
L : I × M21 ×t M22 → C2 × C3; (t, p,q) →
(
φ(p), tζ(q)
)
, (5.2)
where φ : M21 → C2 is a non-totally geodesic Lagrangian minimal immersion and ζ : M22 → S5(1) ⊂ C3 is a non-totally geodesic
Legendrian minimal immersion of M22 into S
5(1).
Proof. Let L : M5 → C5 be a proper δ(2,2)-ideal Lagrangian immersion. Then, by applying Lemma 4.10, we ﬁnd
〈
R(∂x, ∂z)∂z, ∂x
〉= −ρ1ρ2ρ ′1ρ ′2E21E22. (5.3)
On the other hand, we ﬁnd from the equation of Gauss and Lemmas 4.3 and 4.9 that 〈R(∂x, ∂z)∂z, ∂x〉 = 0. Combining
this with (5.3) gives ρ ′1ρ ′2 = 0. Hence either ρ1 is constant or ρ2 is constant. Without loss of generality, we may assume
that ρ1 is constant. Thus we may assume ρ1 = 1 by rescaling E1 if necessary.
Next, by computing 〈R(∂z, ∂t)∂t , ∂z〉 using Lemma 4.10, we ﬁnd
〈
R(∂z, ∂t)∂t, ∂z
〉= −ρ2ρ ′′2 E21. (5.4)
On the other hand, it follows from Lemma 4.3 and equation of Gauss that 〈R(∂z, ∂t)∂t , ∂z〉 = 0. By combining this with
(5.4), we get ρ ′′2 = 0. Thus ρ2 = ct + k for some constant c,k, not simultaneous zero. Hence, after rescaling E2 and applying
a suitable translation in t if necessary, we have either ρ2 = t or ρ2 = 1.
Case (i): ρ1 = ρ2 = 1. In this case, M5 is the Riemannian product I ×M21 ×M22 of an open interval I and two Riemannian
2-manifolds M21,M
2
2. Since the second fundamental form of M
5 in C5 is mixed-totally geodesic (i.e., h(X, Y ) = 0 for any X, Y
tangent to two different factors of I ×M21 ×M22), Moore’s lemma [15] implies that L : M5 → C5 is the direct product of three
immersions. Moreover, since L is Lagrangian whose second fundamental form satisﬁes (4.25), each of the three immersions
are Lagrangian. Thus, we obtain case (1) of the theorem.
Case (ii): ρ1 = 1 and ρ2 = t . It follows from (4.24) that the metric tensor of M5 is
g = dt2 + E21(x, y)
(
dx2 + dy2)+ t2E22(z,w)(dz2 + dw2). (5.5)
Thus M5 is the Riemannian product of a Riemannian 2-manifold M21 and the warped product N
3 := I ×t M22. It follows
from Lemma 4.11 that the second fundamental form of M21 × N3 is mixed-totally geodesic. So, L is the direct product of a
Lagrangian immersion M2 → C2 and a Lagrangian immersion of N3 → C3.1
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Lxx =
{
(ln E1)x + i
E21
}
Lx − (ln E1)y L y, (5.6)
Lxy = (ln E1)y Lx +
{
(ln E1)x − i
E21
}
L y, (5.7)
L yy = −
{
(ln E1)x + i
E21
}
Lx + (ln E1)y L y, (5.8)
Lzz =
{
(ln E2)z + i
E22
}
Lz − (ln E2)w Lw − tE22Lt , (5.9)
Lzw = (ln E2)w Lz +
{
(ln E2)z − i
E22
}
Lw , (5.10)
Lww = −
{
(ln E2)z + i
E22
}
Lz + (ln E2)w Lw − tE22Lt, (5.11)
Lxz = Lxw = L yz = L yw = 0, (5.12)
Lxt = L yt = 0, (5.13)
Lzt = Lz
t
, Lwt = Lw
t
, (5.14)
Ltt = 0. (5.15)
The compatibility condition of this PDE system is given by

1(ln E1) = 2
E41
, 
1 = ∂
2
∂2x
+ ∂
2
∂2 y
, (5.16)

2(ln E2) = 2− E
6
2
E42
, 
2 = ∂
2
∂2z
+ ∂
2
∂2w
. (5.17)
After solving Eqs. (5.12)–(5.15), we obtain
L = φ(x, y) + tζ(z,w) (5.18)
for some vector functions φ(x, y) and ζ(z,w).
By substituting (5.18) into (5.6)–(5.11), we ﬁnd⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩
φxx =
{
(ln E1)x + i
E21
}
φx − (ln E1)yφy,
φxy = (ln E1)yφx +
{
(ln E1)x − i
E21
}
φy,
φyy = −
{
(ln E1)x + i
E21
}
φx + (ln E1)yφy,
(5.19)
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩
ζzz =
{
(ln E2)z + i
E22
}
ζz − (ln E2)wζw − E22ζ,
ζzw = (ln E2)wζz +
{
(ln E2)z − i
E22
}
ζw ,
ζww = −
{
(ln E2)z + i
E22
}
ζz + (ln E2)w Lw − E22ζ.
(5.20)
The compatibility condition of systems (5.19) and (5.20) are given respectively by (5.16) and (5.17).
It follows from system (5.19) that φ : M21 → C2 is a non-totally geodesic Lagrangian minimal immersion. Also, it follows
from (5.17) and (5.20) that ζ : M22 → C3 maps M22 into S5(1) ⊂ C3 as a non-totally geodesic Legendrian minimal submanifold
(see Theorem 2.1 and Corollary 2.1). Therefore, we obtain case (2).
The converse can be veriﬁed by direct computation. 
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Now, we classify proper δ(2,2)-ideal Lagrangian submanifolds in C P5.
Theorem 6.1. Let L : M5 → C P5(4) be a Lagrangian immersion. Then M5 is a proper δ(2,2)-ideal Lagrangian submanifold if and only
if L is locally congruent to π ◦ L˜, where π : S11(1) → C P5(4) is the Hopf ﬁbration, L˜ : M5 → S11(1) ⊂ C6 is given by
L˜(t, p,q) = (cos t)φ1(p) + (sin t)φ2(q), t ∈ R, (6.1)
and φi : M2i → S5(1) ⊂ C3 (i = 1,2) are non-totally geodesic Legendrian minimal immersions into the Sasakian S5(1).
Proof. Let L : M5 → C P5(4) be a proper δ(2,2)-ideal Lagrangian immersion. Then we may assume the metric tensor of M5
is given by (4.24) (cf. Section 4). From Lemma 4.3 and Gauss’ equation we ﬁnd〈
R(∂x, ∂t)∂t, ∂x
〉= ρ21 .
On the other hand, by applying Lemma 4.10 we also ﬁnd〈
R(∂x, ∂t)∂t, ∂x
〉= −ρ1ρ ′′1 .
Hence ρ ′′1 + ρ1 = 0, which implies that ρ1 = r cos(t + t0) for some real numbers t0 and r > 0. So we obtain ρ1 = cos t after
applying a suitable translation in t and a rescaling of E1 if necessary. Similarly, we have ρ2 = cos(t + t0). Now, it follows
from (4.28), Lemma 4.11, and the equation of Gauss that〈
R(∂x, ∂z)∂z, ∂x
〉= cos2 t cos2(t + t0)E21E22. (6.2)
On the other hand, it follows from Lemma 4.10 and the deﬁnition of R that〈
R(∂x, ∂z)∂z, ∂x
〉= − sin t cos t sin(t + t0) cos(t + t0)E21E22. (6.3)
By combining (6.2) and (6.3) we ﬁnd cos t0 = 0. Thus we may choose t0 = −π2 which gives cos(t + t0) = sin t . Consequently,
(4.24) becomes
g = dt2 + (cos2 t)E21(x, y)(dx2 + dy2)+ (sin2 t)E22(z,w)(dz2 + dw2). (6.4)
Next, by applying Lemmas 4.10, 4.11, (6.4) and Gauss’ formula, we obtain
L˜xx =
{
(ln E1)x + i
E21
}
L˜x − (ln E1)y L˜ y + (cos t)E21(sin t L˜t − cos t L˜), (6.5)
L˜xy = (ln E1)y L˜x +
{
(ln E1)x − i
E21
}
L˜ y, (6.6)
L˜ yy = −
{
(ln E1)x + i
E21
}
L˜x + (ln E1)y L˜ y + (cos t)E21(sin t L˜t − cos t L˜), (6.7)
L˜zz =
{
(ln E2)z + i
E22
}
L˜z − (ln E2)w L˜w − (sin t)E22(cos L˜t + sin t L˜), (6.8)
L˜zw = (ln E2)w L˜z +
{
(ln E2)z − i
E22
}
L˜w , (6.9)
L˜ww = −
{
(ln E2)z + i
E22
}
L˜z + (ln E2)w L˜w − (sin t)E22(cos L˜t + sin t L˜), (6.10)
L˜xz = L˜xw = L˜ yz = L˜ yw = 0, (6.11)
L˜xt = − tan t L˜x, L˜ yt = − tan t L˜ y, (6.12)
L˜zt = cot t L˜z, L˜wt = cot t L˜w , (6.13)
L˜tt = −L˜. (6.14)
The compatibility conditions of system (6.5)–(6.14) are given by

1(ln E1) = 2− E
6
1
E4
, 
2(ln E2) = 2− E
6
2
E4
. (6.15)1 2
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L˜ = (cos t)φ1(x, y) + (sin t)φ2(z,w) (6.16)
for some C6-valued functions φ1, φ2. Substituting (6.16) into (6.5)–(6.10) yields⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩
(φ1)xx =
{
(ln E1)x + i
E21
}
(φ1)x − (ln E1)y(φ1)y − E21φ1,
(φ1)xy = (ln E1)y(φ1)x +
{
(ln E1)x − i
E21
}
(φ1)y,
(φ1)yy = −
{
(ln E1)x + i
E21
}
(φ1)x + (ln E1)y(φ1)y − E21φ1,
(6.17)
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩
(φ2)zz =
{
(ln E2)z + i
E22
}
(φ2)z − (ln E2)w(φ2)w − E22φ2,
(φ1)zw = (ln E2)w(φ2)z +
{
(ln E2)z − i
E22
}
(φ2)w ,
(φ2)ww = −
{
(ln E2)z + i
E22
}
(φ2)z + (ln E2)w(φ2)w − E22φ2.
(6.18)
It follows from system (6.17) and the ﬁrst equation in (6.15) that φ1 : M21 → C3 gives rises to a Legendrian minimal
surface in the Sasakian S5(1) ⊂ C3. Similarly, system (6.18) and the second equation in (6.15) imply that φ : M22 → C3 gives
a Legendrian minimal surface in S5(1) too. Now, because M5 is proper δ(2,2)-ideal, both Legendrian minimal submanifolds
in S5(1) are non-totally geodesic.
The converse can be veriﬁed by direct long computation. 
The following provides a simple example of proper δ(2,2)-ideal Lagrangian submanifold in C P5(4) associated with E1 =
E2 = 1.
Example 6.1. Consider the map L˜ : M5 → C6 deﬁned by
L˜ = 1√
3
(
ei
√
2x cos t,
√
2e
− ix√
2 cos t cos
(√
3√
2
y
)
,
√
2e
− ix√
2 cos t sin
(√
3√
2
y
)
,
ei
√
2z sin t,
√
2e
− iz√
2 sin t cos
(√
3√
2
w
)
,
√
2e
− iz√
2 sin t sin
(√
3√
2
w
))
.
It is direct to verify that L˜(M5) lies in the unit hypersphere S11(1) ⊂ C6 and that the composition π ◦ L˜ : M5 → C P5(4) is a
proper δ(2,2)-ideal Lagrangian submanifold of C P5(4).
7. Proper δ(2,2)-ideal Lagrangian submanifolds in C H5(−4)
Finally, we classify all proper δ(2,2)-ideal Lagrangian submanifolds in CH5.
Theorem 7.1. Let L : M5 → CH5(−4) be a Lagrangian immersion of M5 into CH5(−4). Then M5 is a proper δ(2,2)-ideal Lagrangian
submanifold of CH5(−4) if and only if L is locally congruent to π ◦ L˜, where π : H111 (−1) → CH5(−4) is the Hopf ﬁbration and either
(a) L˜ : M5 → H111 (−1) ⊂ C61 is given by
L˜(t, p,q) = (cosh t)φ(p) + (sinh t)ψ(q), t ∈ R, (7.1)
and φ : M21 → H5(−1) ⊂ C31 and ψ : M22 → S5(1) ⊂ C3 are non-totally geodesic Legendrian minimal immersions into the
Sasakian H51(−1) and S5(1), resp., or
(b) L˜ : M5 → H111 (−1) ⊂ C61 is given by
L˜(t, x, y, z,w) = ( sinh t + et(u(z, y) + v(z,w) − 1),
sinh t + et(u(x, y) + v(z,w)), etψ1(x, y), etψ2(z,w)), (7.2)
ψi : M2i → C2 (i = 1,2) are non-totally geodesic minimal Lagrangian immersions, u, v are complex-valued functions satisfying
the following PDE systems, respectively:
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⎪⎪⎪⎪⎪⎪⎪⎪⎩
uxx =
{
(ln E1)x + i
E21
}
ux − (ln E1)yuy − E21,
uxy = (ln E1)yux +
{
(ln E1)x − i
E21
}
uy,
uyy = −
{
(ln E1)x + i
E21
}
ux + (ln E1)yuy − E21,⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩
vzz =
{
(ln E2)z + i
E22
}
vz − (ln E2)w vw − E22,
vzw = (ln E2)w vz +
{
(ln E2)z − i
E2z
}
vw ,
vww = −
{
(ln E2)z + i
E22
}
vz + (ln E2)w vw − E22,
and the metric tensors of M21,M
2
2 are given respectively by
g1 = E21
(
dx2 + dy2), g2 = E22(dz2 + dw2)
for some positive functions E1 = E1(x, y) and E2 = E2(z,w).
Proof. Let L : M5 → CH5(−4) be a proper δ(2,2)-ideal Lagrangian immersion. Then we may assume that the metric tensor
of M5 is given by (4.24) according to Section 4. From Lemma 4.3 and Gauss’ equation we ﬁnd〈
R(∂x, ∂t)∂t, ∂x
〉= −ρ21 .
On the other hand, by applying Lemma 4.10 we also have〈
R(∂x, ∂t)∂t, ∂x
〉= −ρ1ρ ′′1 .
Hence ρ ′′1 = ρ1, which implies that
ρ1 = r cosh t + s sinh t (7.3)
for some real numbers r and s, not both zero.
If s = 0 (resp., r = 0, or r = ±s), then (7.3) reduces ρ1 = r cosh t (resp., ρ1 = s sinh t , or ρ1 = re±t ). If r2 > s2 (resp.,
r2 < s2), then (7.3) reduces to ρ1 = c cosh(t+t0) (resp., ρ1 = c sinh(t+t0)) for some real numbers c = 0 and t0. Thus without
loss of generality, we may assume that ρ1 is one of the functions: cosh t, sinh t, et , by applying a suitable translation and
or reﬂection in t and a suitable rescaling of E1 if necessary. Similarly, we may also assume that ρ2 is one of functions:
cosh(t + t1), sinh(t + t1), et+t1 , t1 ∈ R.
Case (i): ρ1 = cosh t and ρ2 = cosh(t + t1). It follows from (4.28), Lemma 4.11 and the equation of Gauss that〈
R(∂x, ∂z)∂z, ∂x
〉= − cosh2 t cosh2(t + t1)E21E22. (7.4)
On the other hand, it follows from Lemma 4.10 that〈
R(∂x, ∂z)∂z, ∂x
〉= − sinh t cosh t sinh(t + t1) cosh(t + t1)E21E22. (7.5)
By combining (7.4) and (7.5) we obtain cosh t1 = 0 which is impossible.
Case (ii): ρ1 = cosh t and ρ2 = sinh(t + t1). By considering the two different expressions of 〈R(∂x, ∂z)∂z, ∂x〉 via Lem-
mas 4.10 and 4.11 in the same way as in case (i), we get sinh t1 = 0. Therefore, t1 = 0 and (4.24) reduces to
g = dt2 + (cosh2 t)E21(x, y)(dx2 + dy2)+ (sinh2 t)E22(z,w)(dz2 + dw2). (7.6)
Therefore, after applying Lemmas 4.10 and 4.11, (6.2) and Gauss’ formula, we have
L˜xx =
{
(ln E1)x + i
E21
}
L˜x − (ln E1)y L˜ y + (cosh t)E21(cosh t L˜ − sinh t L˜t), (7.7)
L˜xy = (ln E1)y L˜x +
{
(ln E1)x − i
E21
}
L˜ y, (7.8)
L˜ yy = −
{
(ln E1)x + i
E2
}
L˜x + (ln E1)y L˜ y + (cosh t)E21(cosh t L˜ − sinh t L˜t), (7.9)1
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{
(ln E2)z + i
E22
}
L˜z − (ln E2)w L˜w + (sinh t)E22(sinh t L˜ − cosh t L˜t), (7.10)
L˜zw = (ln E2)w L˜z +
{
(ln E2)z − i
E22
}
L˜w , (7.11)
L˜ww = −
{
(ln E2)z + i
E22
}
L˜z + (ln E2)w L˜w + (sinh t)E22(sinh t L˜ − cosh t L˜t), (7.12)
L˜xz = L˜xw = L˜ yz = L˜ yw = 0, (7.13)
L˜xt = tanh t L˜x, L˜ yt = tanh t L˜ y, (7.14)
L˜zt = coth t L˜z, L˜wt = coth t L˜w , (7.15)
L˜tt = L˜. (7.16)
The compatibility conditions of system (7.7)–(7.16) are given by

1(ln E1) = 2+ E
6
1
E41
, 
2(ln E2) = 2− E
6
2
E42
. (7.17)
After solving (7.13)–(7.16) we obtain
L˜ = (cosh t)φ(x, y) + (sinh t)ψ(z,w) (7.18)
for some vector-valued functions φ,ψ . Substituting (7.18) into (7.7)–(7.12) gives⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩
φxx =
{
(ln E1)x + i
E21
}
φx − (ln E1)yφy + E21φ,
φxy = (ln E1)yφx +
{
(ln E1)x − i
E21
}
φy,
φyy = −
{
(ln E1)x + i
E21
}
φx + (ln E1)yφy + E21φ,
(7.19)
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩
ψzz =
{
(ln E2)z + i
E22
}
ψz − (ln E2)wψw − E22ψ,
ψzw = (ln E2)wψz +
{
(ln E2)z − i
E22
}
ψw ,
rψww = −
{
(ln E2)z + i
E22
}
ψz + (ln E2)wψw − E22ψ.
(7.20)
It follows from (7.19) and the ﬁrst equation in (7.17) that φ gives rises to a Legendrian minimal surface in H51(−1) ⊂ C31.
Similarly, (7.20) and the second equation in (7.17) imply that ψ gives rises to a Legendrian minimal surface in S5(1) ⊂ C3.
Now, because M5 is a proper δ(2,2)-ideal Lagrangian submanifolds in C P5(4), both Legendrian submanifolds are non-totally
geodesic. Consequently, we obtain case (a) of the theorem.
Case (iii): ρ1 = cosh t and ρ2 = et+t1 . It follows from (4.28), Lemmas 4.10, 4.11, and the equation of Gauss that〈
R(∂x, ∂z)∂z, ∂x
〉= −(cosh2 t)e2t+2t1 E21E22, (7.21)〈
R(∂x, ∂z)∂z, ∂x
〉= −(sinh t cosh t)e2t+2t1 E21E22, (7.22)
which is impossible.
Case (iv): ρ1 = sinh t and ρ2 = sinh(t + t1). Using the same arguments as in case (i), we ﬁnd cosh t1 = 0, which is
impossible.
Case (v): ρ1 = sinh t and ρ2 = et+t1 . By applying the same arguments as in case (iii), we get sinh t = cosh t , which is also
impossible.
Case (vi): ρ1 = sinh t and ρ2 = cosh(t + t1). As case (ii), this also gives case (a) of the theorem.
Case (vii): ρ1 = et and ρ2 = cosh(t + t1). Using the same arguments as in case (iii), we conclude that this case is
impossible.
Case (viii): ρ1 = et and ρ2 = sinh(t + t1). This is impossible by applying the same arguments as in case (v).
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M5 is given by
g = dt2 + e2t E21(x, y)
(
dx2 + dy2)+ e2t E22(z,w)(dz2 + dw2). (7.23)
So, after applying Lemmas 4.10, 4.11, (6.2) and Gauss’ formula, we obtain
L˜xx =
{
(ln E1)x + i
E21
}
L˜x − (ln E1)y L˜ y + e2t E21(L˜ − L˜t), (7.24)
L˜xy = (ln E1)y L˜x +
{
(ln E1)x − i
E21
}
L˜ y, (7.25)
L˜ yy = −
{
(ln E1)x + i
E21
}
L˜x + (ln E1)y L˜ y + e2t E21(L˜ − L˜t), (7.26)
L˜zz =
{
(ln E2)z + i
E22
}
L˜z − (ln E2)w L˜w + e2t E22(L˜ − L˜t), (7.27)
L˜zw = (ln E2)w L˜z +
{
(ln E2)z − i
E22
}
L˜w , (7.28)
L˜ww = −
{
(ln E2)z + i
E22
}
L˜z + (ln E2)w L˜w + e2t E22(L˜ − L˜t), (7.29)
L˜xz = L˜xw = L˜ yz = L˜ yw = 0, (7.30)
L˜xt = L˜x, L˜ yt = L˜ y, L˜zt = L˜z, L˜wt = L˜w , (7.31)
L˜tt = L˜. (7.32)
The compatibility conditions of system (7.24)–(7.32) are given by

1(ln E1) = 2
E41
, 
2(ln E2) = 2
E42
. (7.33)
After solving (7.30)–(7.32) we get
L˜ = et(φ˜(x, y) + ψ˜(z,w))+ c0 sinh t (7.34)
for some vector-valued functions φ˜, ψ˜ . Since L˜ maps M5 into H111 (−1) ⊂ C61 as a Legendrian minimal submanifold, we ﬁnd
from (7.34) that
−1 = e2t〈φ˜ + ψ˜, φ˜ + ψ˜〉 + (e2t − 1)〈c0, φ˜ + ψ˜〉 + 〈c0, c0〉 sinh2 t. (7.35)
Thus we have
〈c0, c0〉 = 0, 〈c0, φ˜ + ψ˜〉 = 1, 〈φ˜ + ψ˜, φ˜ + ψ˜〉 = −1. (7.36)
It follows from the ﬁrst equation in (7.36) that either c0 = 0 or c0 is a light-vector.
If c0 = 0, it follows from (7.34) and (7.36) that
−1 = e2t〈φ˜ + ψ˜, φ˜ + ψ˜〉 = −e2t,
which is impossible. Thus c0 must be a light-like vector. Therefore we may put
c0 = (1,1,0,0,0,0) ∈ C61. (7.37)
Since 〈c0, φ + ψ〉 = 1 from (7.36), in views of (7.34) we may also put
L˜ = (sinh t + et( f − 1), sinh t + et f , et(ψ1(x, y) + ψ2(z,w))) (7.38)
for some complex-valued functions f with ft = 0 and some vector-valued functions ψ1,ψ2. It follows from (7.23) and (7.38)
that 〈
(ψ1)x, (ψ2)z
〉= 〈(ψ1)x, (ψ2)w 〉= 〈(ψ1)y, (ψ2)z〉= 〈(ψ1)y, (ψ2)w 〉= 0.
Thus, for simplicity we may put
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From (7.39) we get
L˜ − L˜t =
(−et,−et ,0,0,0,0). (7.40)
By substituting (7.39) into (7.24)–(7.29), we obtain⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩
(ψ1)xx =
{
(ln E1)x + i
E21
}
(ψ1)x − (ln E1)y(ψ1)y,
(ψ1)xy = (ln E1)y(ψ1)x +
{
(ln E1)x − i
E21
}
(ψ1)y,
(ψ1)yy = −
{
(ln E1)x + i
E21
}
(ψ1)x + (ln E1)y(ψ1)y,
(7.41)
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩
(ψ2)zz =
{
(ln E2)z + i
E22
}
(ψ2)z − (ln E2)w(ψ2)w ,
(ψ2)zw = (ln E2)w(ψ2)z +
{
(ln E2)z − i
E22
}
(ψ2)w ,
(ψ2)ww = −
{
(ln E2)z + i
E22
}
(ψ2)z + (ln E2)w(ψ2)w .
(7.42)
It follows from (7.39), (7.41) and (7.42) that ψi : M21 → C2 (i = 1,2) are Lagrangian minimal. Since L is proper δ(2,2)-ideal,
both φ and ψ are non-totally geodesic.
In order to determine the function f in (7.38), we only need to consider the second components from (7.24)–(7.29). First,
we know from (7.30) and (7.38) that f = u(x, y) + v(z,w) for some complex-valued functions u, v . Thus (7.39) becomes
L˜ = (sinh t + et(u + v − 1), sinh t + et(u + v), etφ(x, y), etψ(z,w)). (7.43)
Now, by substituting (7.43) into (7.24)–(7.29) and using (7.40), we ﬁnd from the second components of (7.24)–(7.29) that⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩
uxx =
{
(ln E1)x + i
E21
}
ux − (ln E1)yuy − E21,
uxy = (ln E1)yux +
{
(ln E1)x − i
E21
}
uy,
uyy = −
{
(ln E1)x + i
E21
}
ux + (ln E1)yuy − E21,
(7.44)
⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩
vzz =
{
(ln E2)z + i
E22
}
vz − (ln E2)w vw − E22,
vzw = (ln E2)w vz +
{
(ln E2)z − i
E2z
}
vw ,
vww = −
{
(ln E2)z + i
E22
}
vz + (ln E2)w vw − E22.
(7.45)
It is direct to verify that the compatibility condition of system (7.44) (resp., system (7.45)) is exactly the compatibility
condition of (7.41) (resp., (7.42)). Hence, for any two given Lagrangian minimal surfaces ψ1, ψ2 in C2, there always exist
solutions u and v of (7.44) and (7.45). Consequently, we obtain case (b) of the theorem.
The converse can be veriﬁed by direct long computation. 
Finally, we provide a simple example of type (b) proper δ(2,2)-ideal Lagrangian submanifold in CH5(−4).
Example 7.1. Let E = √2cosh x. Then E satisﬁes (2.9) with c = 0. Hence there is a non-totally geodesic Lagrangian minimal
immersion ψ1 into C2 according to Theorem 2.1. In fact, up to congruences, ψ1(x, y) is given by(
2
√
2cos
(
y
2
)(
cosh
(
x
2
)
− i sinh
(
x
2
))
,2
√
2 sin
(
y
2
)(
cosh
(
x
2
)
− i sinh
(
x
2
)))
.
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ψ2(z,w) is given by(
2
√
2cos
(
w
2
)(
cosh
(
z
2
)
− i sinh
(
z
2
))
,2
√
2 sin
(
w
2
)(
cosh
(
z
2
)
− i sinh
(
z
2
)))
.
Also, it is easy to verify that u = 4ix − cosh x and v = 4iz − cosh z are solutions of systems (7.44) and (7.45), respectively.
Thus if we deﬁne L˜ : M5 → H111 (−1) ⊂ C61 by
L˜(t, z, y, z,w) =
(
sinh t + 4et(ix+ iz − cosh x− cosh z) − et,
sinh t + 4et(ix+ iz − cosh x− cosh z),2√2et cos
(
y
2
)(
cosh
(
x
2
)
− i sinh
(
x
2
))
,
2
√
2et sin
(
y
2
)(
cosh
(
x
2
)
− i sinh
(
x
2
))
,2
√
2et cos
(
w
2
)(
cosh
(
z
2
)
− i sinh
(
z
2
))
,
2
√
2et sin
(
w
2
)(
cosh
(
z
2
)
− i sinh
(
z
2
)))
,
then π ◦ L˜ : M5 → CH5(−4) is a proper δ(2,2)-ideal Lagrangian submanifold.
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